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' Abstract. In a vacuum spacetime equipped with the Bondi's radiating 

' metric which is asymptotically flat at spatial infinity including gravita- 

tional radiation (Condition D), we establish the relation between the 
' ADM total linear momentum and the Bondi momentum. The relation 

D , between the ADM total energy and the Bondi mass in this case was 

■ established earlier in |12] , 

(N 

*0 ■ 1. Introduction 

> 

ff") , It is a fundamental problem in gravitational radiation what the relation 

is between the ADM energy-momentum and the Bondi energy-momentum. 
Ashtekar and Magnon-Ashtekar demonstrated the mass at spatial infinity is 
the past limit of the Bondi mass taken as the cut approaches the "point" of 
spatial infinity in the frame of Penrose conformal compactification |2j (See 
also the related works j6[ EJ [10] ) . It was proved the standard ADM mass at 
spatial infinity is the past limit of the Bondi mass for some strongly asymp- 
totically flat, globally hyperbolic vacuum [5], and for vacuum spacetimes 
equipped with the Bondi's radiating metric with "strongly" asymptotic flat- 
ness at spatial infinity (Condition C)[12j. However, it is presumably be- 
lieved the assumed asymptotic flatness at spatial infinity in all above works 
precludes gravitational radiation, at least near spatial infinity. 

H : 

Under some weaker assumption of asymptotic flatness at spatial infinity 
(Condition D), the second author also derive a formula relating the ADM 
total energy to the Bondi mass. In this case, the ADM total energy is no 
longer the past limit of the Bondi mass and they differ by certain quantity 
relating to the news of the system. The most importance is that gravi- 
tational radiation should be included under this condition. Some physical 
interpretation of Condition D is provided in [12j . 

The main difference between Condition C and Condition D is as fol- 
lows: Under Condition C, the initial data set {i = to} is standard asymp- 
totically flat in the sense that, in natural coordinates {x u }, the metric g and 
the second fundamental form h satisfy 

9uv = S uv + O (- V d k g U v =o(-y), did k g uv = 0\ ' 
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a 
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Kv = o(\),d k h uv = o(\ 
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However, under Condition D, the initial data set {i = to} is weaker asymp- 
totically flat in the sense that, in natural coordinates {x"}, the metric g and 
the second fundamental form h satisfy 



9uv = 5 uv + {^j , d k g uv = o(^j, did k g u 
Kv = o(^j,d k h uv = 



oil 



Note that an observer detecting gravitational waves locates always in 
some finite region of a spacelike hypersurface. Thus the data the observer 
detects is from the gravitational waves arrived at the spacelike hypersurfaces. 
Suppose the metric and the second fundamental form of this spacelike hy- 
persurface can be read from the data, then we can calculate the integrands 
of the ADM total energy-momentum and integrate them in sphere with ra- 
dius r included in this region. One may wonder whether gravitational waves 
can reach spatial infinity. However, as the ADM total energy-momentum is 
defined as the limit r — > oo, the data from gravitational waves should reach 
spatial infinity and Condition D should be reasonable when we calculate 
the ADM total energy-momentum. 

In this paper, we will study the relation between the ADM total energy- 
momentum and the Bondi energy- momentum under Condition D. Al- 
though the second fundamental form h of t-slice falls off as slowly as O(^), 
h — tr g (h)g falls off surprisingly as 0{\) at spatial infinity due to certain 
mysterious cancelation. Therefore, the ADM total linear momentum is still 
finite. It is unclear whether the ADM total energy-momentum is a geometric 
invariant, i.e., independent on the choice of coordinates, under Condition 
D, however, we compare the ADM and Bondi energy- momenta in a fixed 
coordinate. We believe it should have physical meaning. 



2. Bondi's radiating vacuum spacetimes 

The Bondi's radiating vacuum spacetime (L 3,1 ,g) is a vacuum spacetime 
equipped with the following metric g = gijdx l dx^ 

g = (-e 2fS + r 2 e 2 "<U 2 cosh25 + r 2 e- 2 "<W 2 cosh25 
\ r 

+2r 2 lWsinh 25) du 2 - 2e w dudr 

-2r 2 (e 27 £7 cosh 25 + W sinh 28) dud6 

-2r 2 (eT^W cosh 25 + U sinh 25^j sin 6dud<j) 

+r 2 (e 27 cosh 25d6 2 + e" 27 cosh 25 sin 2 Odtp 2 

+2 sinh 25 sin OdOd^j, (2.1) 
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where /?, 7, S, U, V, W are functions of 

x° = u, x 1 = r, x 2 = 9, x 3 = i/j, 

u is a retarded coordinate, r is Euclidean distance, 9 and ip are spherical 
coordinates, < 9 < ir, < < 2ir. We assume that g satisfies the outgoing 
radiation condition. 

The metric (|2.1|) was studied by Bondi, van der Burg, Metzner and Sachs 
in the theory of gravitational waves in general relativity [3j [11]. They 
proved that the following asymptotic behavior holds for r sufficiently large 
if the spacetime satisfies the outgoing radiation condition [llj 

cMj) | C(u,9,^)-lc 3 -lcd 2 | ,1 

ry y>3 ^ ^-"4 

g = d{u,9^) | H(u,9,iP) + \c 2 d-\d? | ,1 

rp ^"3 \^ ™->4 

c 2 + d 2 



where 



^»2 j^*3 ^»4 



V = - r + 2M(M^) + ^^ + o(l 



/ = C2 + 2ccot + d 5 3 CSC 0, 

i = d )2 + 2d cot 6 — C3 esc 0, 
p = 2iV + 3(cc,2 + dd, 2 ) + 4(c 2 + d 2 )cot6> 

— 2(c 3d — cd,3) esc 0, 
p = 2P + 2(c 2 d - cd, 2 ) + 3(cc )3 + dd 3) esc 9, 

2 j2 

M = N 2 + cot8 + P i3 csc0- — 

- [(c 2? + (d, 2 ) 2 ] - 4(cc, 2 + dd 2 ) cot 9 

-4(c 2 + d 2 ) cot 2 9 - [{c 3 ) 2 + (d 3 ) 2 ] esc 2 

+4(c 3d — cd 3) esc cot 6* + 2(c ! 3d )2 — c )2 d,3) esc 9. 

(We denote fj = for i = 0, 1, 2, 3 throughout the paper.) M is the mass 
aspect and cq, d t o are the news functions and they satisfy the following 
equation [TTj : 



c,o) 2 + (do) 2 ] + 2 ( Z ,2 + / cot # + Z )3 esc 0) (2.2) 



-1 
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Let N uo be a null hypersurface which is given by u = uq at null infinity. 
The Bondi energy- momentum of N uo is defined by [3]: 

m v {u Q ) = — / M(uo,0,ip)n v dS 

47T J S 2 

where v = 0, 1, 2, 3, S 2 is the unit sphere, 

n° = 1, n 1 = sin # cost/?, n 2 = sin#sin?/>, n 3 =cos#. 
And mo is the Bondi mass, is the Bondi momentum. 

Denote by {e*} the coframe of the standard flat metric go on IR 3 in polar 
coordinates, 

e 1 = dr, e 2 = rdO, e 3 = rsinOdil). 

Denote by {e^} the dual frame {i = 1,2,3). The connection 1-form {uV/} is 
defined by 

de l = — ujij A e? . 

It is easy to find that 

l u n „ l v , u COt 6 

ujx2 = — e , wi 3 = — e°, w 2 3 = e°. 

r r r 

The Levi-Civita connection V of <?o is given by 

Vej = — &ij <S> ej. 
We denote Vj = Vg, for z = 1,2,3 throughout the paper. 

Define C{ai,a 2 ,a 3 } the space of smooth functions in the spacetime which 
satisfies the following asymptotic behavior at spatial infinity 

{lim r ^ 00 lim u ^_ 00 r ai / = O(l), } 
/: lim r _ Q0 lim u _ f _ 00 r a2 V i / = O(l), \. (2.3) 
lim^oolim^^oor^ViVj/ = O(l) J 

In [12], the following four conditions are introduced: 

Condition A: Each of the six functions (3, 7, 5, J7, V, W to- 
gether with its derivatives up to the second orders are equal 

at ip = and 2ir. 

Condition B: For all u, 

/ c(u, 0, ip)dip = 0, / c(u, 7r, tp)dtp = 0. 
Jo io 

Condition C: 7 G £{1,2,3}, S G C{i,2,3}, /? G C{ 2 ,3,4}, J7 G 
c {2,3,4}, W e C {2i3i4} , V + r G C {0;1>2} . 

Condition D: 7 G C{i,i,i}, 5 G C{i,i,i}, /? G C{ 2 , 2 , 2 }, J7 G 

C{2,2,2}, W G ^{2,2, 2}, ^ + r G C{0,0,0}- 
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Condition A and Condition B ensure that the metric (|2.1f) is regular, 
also ensure the following Bondi mass loss formula 



Condition C ensures the Schoen-Yau's positive mass theorem at spatial 
infinity. However, it precludes gravitational radiation, at least near spatial 
infinity. Condition D should include gravitational radiation. It indicates 
that, for r sufficiently large, 

lim \M,c,d,M fi ,c ,do,M A ,c A ,d A } = O(l) 

where 2 < A < 3. 

3. Initial data sets 

From now on we assume the "real" time t is defined as 

t = u + r. 

An initial data set (iVf ,g,/i) is a spacelike hypersurface in L 3 ' 1 which is 
given by {i = to}- Here g is the induced metric of g and h is the second 
fundamental form. It is straightforward that 

g = ((2 + ^)e 2 ^ + r 2 e 27 [/ 2 cosh25 

+r 2 e" 27 H /2 cosh 25 + 2r 2 UW sinh 25j dr 2 

+r 2 (e 27 cosh 25d6 2 + e~ 27 cosh 25 sin 2 6dip 2 

+2 sinh 25 sin 6d6di]? 



+2r 2 (e 2 ~<U cosh 25 + W sinh 25) drdO 

+2r 2 (e' 2l W cosh 25 + U sinh 25) sin 9drdip. (3.1) 



The other components of the metric g are 

g tt = (-e 2/3 + r 2 e 27 [/ 2 cosh25 



+r 2 e~ 2l W 2 cosh 2(5 + 2r 2 £W sinh 25 
1 + -1 e 2f3 - r 2 e 2l U 2 cosh 25 



r / 

-r 2 e - 27 W 2 cosh 25 - 2r 2 UW sinh 25, 



5 t2 = -r 2 [e 2 ^U cosh 25 + TV sinh 25), 

gta = -r 2 (e~ 2l W cosh 25 + U sinh 2d) sin 0. 
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The inverse g i3 of metric tensor gij, the lapse M = y — g tt J and the shift 
X% = gu (i = 1, 2, 3) of Nt are derived in [12] as follows: 

F = (2 + ^' 

9 12 = -Ug u , 

13 ^ 11 

smt) 

99 e -27 cosh 25 9 n 
5 = ^ + ^V, 

2 o sinh 2,5 J7W n 

r z sin sin 
33 _ e 27 cosh2£ W 2 n 

9 9 • 9~7\ ' • 2 r\9 J 

r z sin sin 9 

M 2 = e^g 11 , 

Xi = + j)e 2 ? -r 2 e 2 ^U 2 cosh 25 

-r 2 e~ 2l W 2 cosh 25 - 2r 2 UW sinh 25, 



X 2 = -r 2 (e^U cosh 25 + W sinh 25), 

X 3 = -r 2 (e~ 2l W cosh 25 + U sinh 2j) sin I 



The second fundamental form is then given by 



With the help of asymptotic behavior of 0, 7, 5, U, V, W and Mathematica 
5.0, we obtain the asymptotic expansions of g^, 

2M 1 / c 2 d 2 ,9 =, - \ „ / 1 



5ii = l + =f + ^{---^ + l 2 + P + M)+0[- i ), 

T 



922 = r 2 + 2rc + 2c 2 + 2d 2 + O 

<m (r 2 -2rc + 2c 2 + 2d 2 ) sin 2 9 + o(^J, 

g l2 -I + -{-2cl -2<11 + p) +()( ' 

gi3 = -I s in 9 + (2cl - 2dl + pj + O (\ 

523 = 2rdsin9 + o(- 
\r 
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the asymptotic expansions of g 13 , 

„2 ,,2 



11 -, 2M 1 /& d l ,„, 2 -\ / 1 \ 

5 22 = -i-^ + l(2c 2 + 2cZ 2 + Z 2 )+0(l), 
on csc 2 # 2ccsc 2 6> esc 2 9 / 9 , 9 „ / 1 \ 

s 12 = ^(wi+^+o^), 



i o Z csc esc 9 / ^ - \ / 1 \ 

^ = -72 ^-( 2MZ + P)+°b) 

90 2d csc 9 II csc 9 / 1 \ 

5 23 = =5— + — + , 



(r 3 ) : 



and the asymptotic expansions of iV and JQ, 

M 1 /c 2 d 2 3M 2 M\ „ 

* - -^-i(l« + I» + *) +0 (i), 
X 2 = l + ^(2cl + 2dl-p^ 

X 3 = r S in0 + ^(-2 C r+2dZ-p) + 
as well as the asymptotic expansions of /ijj , 

Mn 1/ CCn ddn Mn\ / 1 \ 

fcn = -f + - 2 (2M-MM, + ^ + ^ + U + ^) + o{^), 

h 2 2 = -rc, -2M + Mc i o-2cc i o-2dd i0 + Z 1 2 + o(-), 

/i 33 = (rc - 2M - Mc, - 2cc - 2<Zd j0 + I cot + [ 3 csc 9 s ) sin 2 <9 

hi2 = -(-M 2 -i + c )0 i + d,oi) +0(^5), 



^13 = 

^23 = 



( - M 3 csc - Z - c Q l + d z) + O ( ^ 



- rd + Md fi + - (Z )2 - I cot 9 + Z )3 csc 6») sin + O (-) . 
The trace of the second fundamental form is 

tr g (h) = — ^ + ( - 2M - 3MM j0 + Z, 2 + I cot 9 + Z~ 3 csc 9 

;^ + „, 0+ ^ )+o( _l). 



r 
CCn 
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4. ADM AND BONDI TOTAL MOMENTA 



Let Euclidean coordinates 



y 1 = r sin 9 cos ip, y 2 = r sin#sin?/>, y 3 = rcosi 



In polar coordinates, the ADM total energy E and the ADM total linear 
momentum are [U [12] 



E 



lim 

16-7T r^oo j Sr 

— lim 



V^(ei,ej) - Vitr go (g) 



e 2 A e 3 , 



e 2 A e 3 . 



Under Condition A, Condition B and Condition D, the second author 
derived the relation between the ADM total energy and the Bondi mass |12j . 



E(f ) = m (-oo) + — lim 

ZTT u > oo /q jq 



IT f2lT 



cc o + dd o ) sin QdipdO. 



Now we study the relation between the ADM total linear momentum and 
the Bondi momentum under these conditions and prove the main theorem. 

Theorem 4.1. Let P&(to) be the ADM total linear momentum of space- 
like hyper surf ace Nt whose metric satisfies ( fff.ij) . Under Condition A, 
Condition B and Condition D, we have 



7r p2n 



\(t ) = m k {-oo) + — lim / / Vkdipd9 

Stt U^-OO Jq Jq 



for k = 1,2, 3, where 



Pi 



r 2 



p 3 



(c o + Mq) cos 6 cos -0 — d o sin -0 



+ 



co — Mq) sin ^ + do cos 6* cos ^ 
Co + Mq) cos 8 sin ip + do cos ip 
(c o — Mo) cos rp — dfl cos sin rp 
c + M )Z sin 2 9 - d fi l sin 2 0. 



Zsin# 

/ sin#, 
/ sin# 
I sin#, 
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Proof : Using the asymptotic expansions of gij and hij , we obtain 
d d \ 



^ ( dy 1 ' dr ) 



d d_ 

Qy2 ' Q r 



g(— —) 

V dy 3 ' dr ) 



hi— — ) 

V dy 1 ' dr J 



h(— — 

V dy 2 ' dr 



h(— —) 

V dy 3 ' dr ) 



i cos 9 cos ip sin tp 

9nn +921 531 — r-z 

r r sin 9 



= sin 



6* cos ip + - f 2M sin cos V> 
r V 

— / cos 9 cos tp + Ism ^ + O > 
2 cos 6* sin ?/> cos ^ 

9lin +921 h531" 



rsmi 



= sin 9 sin ^ H — ^2M sin sin ip 



r \ 



-I cos 9 sin ^ — I cos ^ + O ^ ^ ) > 



sm( 



"nZ ) = 9im -92V 



= cos0 + ^2Mcos6> + /sin^ +oQ^j, 

i cos 9 cos V> sin^A 
ftnn + h 2 i n 3 i 



M sin 9 cos ^ 1 



rsin# 
(2M - MM 



. cc i0 dd . „ . Mo, . 
+ -^- + -y + U,o + -y ) Sin cos ^ 

— (M2 + / — CqI — do/) cos cos V 7 



+ 



(M j3 csc9 + l + c l-d fi l)smip +o(J^) 



) ^ 



o cos 6* sin ^ cosip 

h n n +h 2 i hn 3 i — — 

r r sm 



Mq sin sin V> 



+ - 

r r 

cc dd 



(2M - MM j0 



Mi 



+ ^y +U,o + ^y) sinflsinV' 
— (M2 + / — Cfll — dfll) cos 9 sin ^ 
- (M 3 esc 6 + 1 + cqI- d fl l) cosip +0^-3^ 



1 3 . sm(9 
Zinn - Z121 



M cos6» 1 



+ 



(2M - MM 



cc ddo 

+^r + ^r + u,o + 



— 7T~) cos ^ 



+ 



(M 2 + / - c l - d Q T) sin 9 +0 ) . 



10 WEN-LING HUANG AND XIAO ZHANG 

Denote K k = h[^, - g(jfc, §p)tr g (h). We then obtain 

Ki = — | AM sin 9 cos if) — M 2 cos cos ^ + ¥3 esc sin if) 

— l t 2 sin cos if) — ^3 cos if) 

+ [(c + -Af — 2) cos 9 cos if) — dfl sin I 



+ [(c - M + l)sin^ + d cos 9 cos ip]l} +o(J^ 

— 1 4M sin 9 sin if) — M 2 cos sin if> — M 3 esc cos ^ 

— 1 2 sin & sin ?/> — ^3 sin ?/> 

+ [(c + Af ~~ 2) cos 9 sin ip + do cos ^] I 

[(c — Mo + 1) cos ^ — c£ cos sin Z"| + O ^-^ ^ , 

4M cos 9 - M 2 sin 6* - Z )2 cos - 1 3 cot 
[(c + Af - 2) sin 9 + esc 9] I - d lsm 9^ + (J^ . 



r 2 { 



Integrating over S r , and simplifying them by the integration by part, 
also noting that for fixed t = to, r — > 00 is equivalent to u — » — 00, we finally 
obtain the proof of the theorem. Q.E.D. 



5. Axi- Symmetric spacetimes 

Gravitational waves in axi-symmetric spacetimes were first studied by 
Bondi, van der Burg and Metzner [3J. In this case the metric of the spacetime 
is 

g = (Y. e W + r 2 e 2 ~<U 2 )du 2 - 2e 2/3 dudr 

-2r 2 e 2 ^Udud9 + r 2 (e 2 ^d9 2 + e" 27 sin 2 9dif> 2 ^ (5.1) 

where /3, 7, U and V are functions of u, r and 9. This implies that 

c = c(u,9), d = 0, I = c 2 + 2ccot6>, Z~=0. 

Corollary 5.1. Let E(t ), F k (t ) be the ADM total energy and the ADM 
total linear momentum of spacelike hypersurface Nt in axi-symmetric vac- 
uum radiating spacetimes 115.1]) . Under Condition A, Condition B and 
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Condition D, we have 



E(to) 



mg(- oo) + lim 



/ 

Jo 



cc o sin 8d6 



Pi (*o) 
P 2 (to) 



mi(-oo), 
m 2 (-oo), 



P 3 (to) 



m 3 (-oo) - - lim / - (c ) 2 + 



1 



C,220 



4 U— >— OO Jq 



+c 2 o cot 6) (c 2 + 2c cot (9) sin 2 6>d6>. 



6. Appendix 



In this appendix, we provide an addendum to |12j . There are two sign 
differences between the Bondi radiating metric (2.1) in [12] and the metric 
used in current paper as well as the original paper [3]. They result some 
sign changes in certain formulas but the main theorems in [12] still holds 
true without any change. We give as follows the corresponding formulas for 
|12j with respect to the metric used in current paper. 

1) page 263, (2.1) in [12] changes to (12.11) in current paper. 

2) page 267, (2.5) in [12] changes to 



+r 2 e^W 2 cosh 25 + 2r 2 UW sinh 25) dr 2 
+r 2 (e 27 cosh 25dd 2 + e~ 27 cosh 25 sin 2 6dip 2 
+2smh2Ssia.ed9dip\ 
+2r 2 {e 2 ~<U cosh 25 + W sinh 25^j drdO 
+2r 2 (e~ 2l W cosh 25 + U sinh 25] sin 9drdip. 




+r 



2 e~ 2 ^W 2 cosh 25 + 2r 2 UW sinh 25) dt 2 
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3) page 268, (3.1) in [J2] change to (13. If) in current paper. 

4) page 269, line -9 to line -8 in [12] changes to 

#(e x ,ei) = (2 + ^)e 2/3 + rV 7 [/ 2 cosh 25 

+r 2 e~ 2l W 2 cosh 25 + 2r 2 UW sinh 25 



i=to 



5) page 271, line 2 to line 3 in [12] change to 

i = ( 2 +^ 2S . 



6) page 271, line -7 to line -6 in [12] change to 



l + -)< 

r 



2/3 



rV 7 [/ 2 cosh 25 



r 2 eT 2 ^W 2 cosh 25 - 2r 2 UW sinh 25 
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